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Abstract: We analyze an alternative theory of gravity characterized by metrics that are
tensor density of rank (0, 2) and weight −1
2
. The metric compatibility condition is supposed
to hold. The simplest expression for the action of gravitational field is used. Taking the
metric and trace of connections as dynamical variables, the field equations in the absence
of matter and other kinds of sources are derived. The solutions of these equations are
obtained for the case of vacuum static spherical symmetric spacetime. The null geodesics
and advance of perihelion of ellipses are discussed. We confirm a subclass of solutions are
regular for r > 0 and there is no event horizon while it is singular at r = 0.
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1. Introduction
Unimodular theory of relativity was an alternative theory of gravity considered by Einstein
in 1919. It turned out that it is equivalent to general relativity with the cosmological
constant appearing as integration constant. In unimodular theory and its modified versions
the determinant of the metric does not serve as a dynamical variable and this imposes a
specific constraint on the variations of the metric[1, 2, 3, 4, 5, 6]. The reason for this
very feature of the theory is obscure. It is being considered as the substantial essence of
the system and often is not invoked by any decisive evidence or physical interpretation.
It will be more appropriate if this feature be the emergent of the theory and attributes
a natural property of it. This paper is an attempt to fulfill this task. What should
be noticed in advance is that in special relativity all the Jacobians of the propounded
transformations are identically equal to one. Therefore all tensors including the metrics
may be considered as tensor densities with arbitrary weight. This rises the question that
in passing toward general relativity which one should be kept to be dealt with, metric or
density metric? Certainly in general relativity where there is not such a constraint on
the Jacobians, consideration of a tensor density as metric will bring significant change in
the obtained equations. As the starting point let us propose that the metric should be
considered as a symmetric tensor density of rank (0, 2) and weight of −1
2
, denoting it by
gµν . This is chosen and accepted so that the determinant of gµν becomes a scalar. Without
lose of generality this scalar may be normalized to one. We should distinctly emphasize that
this proposal for the role of the metric is novel in our approach and has no acquaintance in
the literature. The metric compatibility condition is supposed to hold for the new metric
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too. In short we may summarize:
gµν , symmetric tensor density of weight −
1
2
(1.1)
|g| = 1 (1.2)
∇λgµν = 0 (1.3)
The inverse of the metric gµν is a density tensor of rank (2,0) with the weight +1
2
which
satisfies the following
g
µν
gνλ = δ
µ
λ , ∇λgµν = 0 (1.4)
The metric compatibility condition Eq.(1.3) gives
∂λgµν − Γρλµgρν − Γρλνgµρ +
1
2
Γρρλgµν = 0 (1.5)
Rewriting Eq.(1.5) by a cyclic permutation of the indices makes:
∂νgλµ − Γρνλgρµ − Γρνµgρλ +
1
2
Γρρνgλµ = 0 (1.6)
∂µgνλ − Γρµνgρλ − Γρµλgνρ +
1
2
Γρρµgνλ = 0 (1.7)
Adding Eqs. (1.5) and (1.6) and subtracting Eq. (1.7) gives
∂λgµν + ∂νgλµ − ∂µgνλ − 2Γρλνgρµ +
1
2
(Γρρλgµν + Γ
ρ
ρνgλµ − Γρρµgνλ) = 0 (1.8)
Multiplying Eq.(1.8) by gνκ leads to
Γκλν =
1
2
g
κµ(∂λgµν + ∂νgλµ − ∂µgνλ) +
1
4
(Γρρλδ
κ
ν + Γ
ρ
ρνδ
κ
λ − Γρρµgµκgνλ) (1.9)
Eq.(1.9) does not fix all the components of the connection in terms of the metric and its
derivatives, the components of the trace of connection Γρρλ remain undetermined. Since the
determinant of gµν is taken to be one this automatically yields the following constraint on
the variations of gµν
g
µνδgµν = 0 (1.10)
which is a required condition for the unimodular relativity. Using the connection (1.9), we
may define the Riemann curvature and Ricci tensors respectively by:
R
ρ
σµν = ∂νΓ
ρ
µσ − ∂µΓρνσ + ΓρνλΓλµσ − ΓρµλΓλνσ (1.11)
Rσν = ∂νΓ
ρ
ρσ − ∂ρΓρσν + ΓρνλΓλρσ − ΓρρλΓλνσ. (1.12)
R
ρ
σµν and Rσν both are regular tensors i.e. are tensor densities of weight zero.
Now a scalar density of weight +1
2
may be constructed by using Ricci tensor (1.12) and
inverse metric gµν ,
R = gµνRµν (1.13)
Since d4x is a scalar density of weight -1 , it is no longer possible to use determinant of gµν
to construct a scalar.
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2. Action
Let us consider gravitational fields in the absence of matter and other kinds of sources. R
and d4x both are scalar densities of weight 1
2
and −1 respectively. Therefore R2d4x is a
scalar. We may define the action as;
I =
∫
κ R2d4x (2.1)
where κ is a proper constant. It is a functional of the metric, its first and second derivatives,
and the unspecified trace of the connections Γρρλ and its first derivatives. It is somehow
similar to Palatini approach where both metric and the connection are considered as inde-
pendent dynamical variables. Here our dynamical variables are gµν and Γρρλ. The variations
of the action with respect to the first leads to
δI =
∫
2κ R(Rµνδg
µν + gµνδRµν)d
4x = 0 (2.2)
while its variations with respect to the second gives
δI =
∫
2κ R gµνδRµνd
4x = 0 (2.3)
Generally we have
δRµν = ∇ρ(δΓρµν)−∇ν(δΓρµρ) (2.4)
The variation of Γκµν with respect to Γ
ρ
ρλ is
δΓκµν =
1
4
(δλµδ
κ
ν + δ
λ
ν δ
κ
µ − gλκgµν)δΓρρλ (2.5)
Inserting Eq. (2.5) in Eq. (2.4) and then Eq. (2.4) in Eq. (2.3) lead to the following equation:
∇λR = 0 (2.6)
The variation of the action with respect to metric and applying the unimodular condition
Eq.( 1.10) by the method of Lagrange undetermined multipliers and inserting field equation
(2.6) leads to
Rµν − 1
4
gµνR = 0. (2.7)
It is worth to notice that Eqs.(2.6) and (2.7) are consistent with the Bianchi identity. Field
equation (2.7) is traceless and since R is a scalar density so Eq.(2.6) is not a trivial relation.
For the next we are going to find the analog of Schwarzschild spacetime in this alternative
theory. That is to find the solution of Eqs.(2.6) and (2.7) for a spherically symmetric
spacetime.
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3. Spherical Symmetry
In Schwarzschild solution the starting ansatz is that there exits a spherical coordinate
system xµ = (t, r, θφ) in which the line element has the form
ds2 = B(r)dt2 −A(r)dr2 − r2(dθ2 + sin2θdφ2). (3.1)
If we define gµν =
gµν
4
√
|g|
then it will have the desired property. So the components of the
gµν are:
gtt = −
B
3
4
A
1
4 r sin
1
2 θ
, grr =
A
3
4
B
1
4 r sin
1
2 θ
,
gθθ =
r
(AB)
1
4 sin
1
2 θ
, gφφ =
r sin
3
2 θ
(AB)
1
4
. (3.2)
and the components of the inverse metric gµν are :
g
tt = −A
1
4 r sin
1
2 θ
B
3
4
, grr =
B
1
4 r sin
1
2 θ
A
3
4
,
g
θθ =
(AB)
1
4 sin
1
2 θ
r
, gφφ =
(AB)
1
4
r sin
3
2 θ
. (3.3)
The nonzero components of the connection by using Eqs.(1.9),(3.2) and(3.3) are as follows;
Γttt =
1
4
Γρρt, Γ
t
tr =
3
8
B′
B
− 1
8
A′
A
− 1
2r
+
1
4
Γρρr, Γ
t
tθ = −
1
4
cot θ +
1
4
Γρρθ,
Γttφ =
1
4
Γρρφ, Γ
t
rr =
1
4
A
B
Γρρt, Γ
t
θθ =
1
4
r2
B
Γρρt, Γ
t
φφ = sin
2 θΓtθθ,
Γrtt =
3
8
B′
A
− 1
8
BA′
A2
− B
2rA
+
1
4
B
A
Γρρr, Γ
r
rt =
1
4
Γρρt
Γrrr =
3
8
A′
A
− 1
8
B′
B
− 1
2r
+
1
4
Γρρr, Γ
r
rθ = −
1
4
cot θ +
1
4
Γρρθ, Γ
r
rφ =
1
4
Γρρφ,
Γrθθ = −
r
2A
+
1
8
r2A′
A2
+
1
8
r2B′
AB
− 1
4
r2
A
Γρρr, Γ
r
φφ = sin
2 θΓrθθ,
Γθtt = −
B
4r2
(cot θ − Γρρθ), Γθtθ =
1
4
Γρρt, Γ
θ
rr =
A
4r2
(cot θ − Γρρθ),
Γθrθ =
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr, Γ
θ
θθ = −
1
4
cot θ +
1
4
Γρρθ, Γ
θ
θφ =
1
4
Γρρφ,
Γθφφ = −
3
4
sin θ cos θ − 1
4
sin2θΓρρθ, Γ
φ
tt =
1
4
B
r2 sin2 θ
Γρρφ, Γ
φ
tφ =
1
4
Γρρt,
Γφrr = −
1
4
A
r2 sin2 θ
Γρρφ, Γ
φ
rφ =
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr, Γ
φ
θθ = −
1
4 sin2 θ
Γρρφ,
Γφφθ =
3
4
cot θ +
1
4
Γρρθ, Γ
φ
φφ =
1
4
Γρρφ. (3.4)
(′)denotes derivative with respect to r.
By inserting Eq.(3.4) in Eq.(1.12) we obtain the components of Ricci tensor as follows:
Rtt = −(3
8
B′
A
− BA
′
8A2
− B
2rA
+
B
4A
Γρρr)
′ − B
4r2
(1 + cot2 θ +
∂
∂θ
Γρρθ)
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+2(
3
8
B′
B
− A
′
8A
− 1
2r
+
1
4
Γρρr)(
3
8
B′
A
− BA
′
8A2
− B
2rA
+
1
4
B
A
Γρρr)
+
B
8r2
(− cot θ + Γρρθ)2 −
1
8
B
r2 sin θ
Γρρφ
−(3
8
B′
A
− BA
′
8A2
− B
2rA
+
B
4A
Γρρr)Γ
ρ
ρr −
B
4r2
(− cot θ + Γρρθ)Γρρθ (3.5)
Rrr = −(3
8
A′
A
− B
′
8B
− 1
2r
− 3
4
Γρρr)
′ +
A
4r2
(1 + cot2 θ +
∂
∂θ
Γρρθ)
+(
3
8
B′
B
− A
′
8A
− 1
2r
+
1
4
Γρρr)
2 +
A
8B
Γρρt
2
+ (
3
8
A′
A
− B
′
8B
− 1
2r
+
1
4
Γρρr)
2
− A
8r2
(cot θ − Γρρθ)2 +
A
8r2 sin2 θ
Γρρφ
2
+ 2(
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr)
2
−(3
8
A′
A
− B
′
8B
− 1
2r
+
1
4
Γρρr)Γ
ρ
ρr −
A
4r2
(cot θ − Γρρθ)Γρρθ (3.6)
Rθθ =
∂Γρρθ
∂θ
− (− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)
′ − 1
4
(1 + cot2 θ +
∂Γρρθ
∂θ
)
3
16
(− cot θ + Γρρθ)2 −
r2
8B
Γρρt
2
+
1
8 sin2 θ
Γρρφ
2
+ (
3
4
cot θ +
1
4
Γρρθ)
2
+2(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)(
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr)
−(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)Γ
ρ
ρr +
1
4
(cot θ − Γρρθ)Γρρθ (3.7)
Rφφ = − sin2 θ(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)
′
+
3
4
cos 2θ +
1
4
∂
∂θ
(sin2 θΓρρθ)−
r2 sin2 θ
8B
Γρρt
2
+2 sin2 θ(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)(
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr)
−2 sin2 θ(3
4
cot θ +
1
4
Γρρθ)
2 − sin2 θ(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)Γ
ρ
ρr
+sin2 θ(
3
4
cot θ +
1
4
Γρρθ)Γ
ρ
ρθ. (3.8)
As it is evident from Eqs.(3.5)-(3.8) these are functions of θ which is not consistent with the
symmetry of spacetime. But if we choose Γρρt = Γ
ρ
ρφ = 0 , Γ
ρ
ρθ = cot θ and Γ
ρ
ρr = Γ
ρ
ρr(r) then
the Ricci tensor shows its symmetry manifestly. Imposing these values for the unspecified
components of trace of the connection in Eqs.(3.5)-(3.8) leads to the following results:
Rtt = −(3
8
B′
A
− BA
′
8A2
− B
2rA
+
B
4A
Γρρr)
′
+2(
3B′
8B
− A
′
8A
− 1
2r
+
1
4
Γρρr)(
3B′
8A
− BA
′
8A2
− B
2rA
+
B
4A
Γρρr)
−Γρρr(
3
8
B′
8A
− 1
8
BA′
A2
− B
2rA
+
1
4
Γρρr
B
A
) (3.9)
Rrr = −(3A
′
8A
− B
′
8B
− 1
2r
− 3
4
Γρρr)
′ + (
3B′
8B
− A
′
8A
− 1
2r
+
1
4
Γρρr)
2
+(
3A′
8A
− B
′
8B
− 1
2r
+
1
4
Γρρr)
2 + 2(
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr)
2
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−(3A
′
8A
− B
′
8B
− 1
2r
+
1
4
Γρρr)Γ
ρ
ρr (3.10)
Rθθ = −1− (− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)
′
+2(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr)(
1
2r
− A
′
8A
− B
′
8B
+
1
4
Γρρr)
−(− r
2A
+
r2A′
8A2
+
r2B′
8AB
− r
2
4A
Γρρr) (3.11)
Rφφ = sin
2 θ Rθθ (3.12)
By using Eqs.(3.10)-(3.12),(1.13)and(3.3) with some manipulation R takes the form;
R =
B
1
4 r sin
1
2 θ
A
3
4
{3
2
Γρρr
′
+
B′′
4B
− 3A
′′
4A
+ (
1
2
− 2A) 1
r2
+
39
32
(
A′
A
)2
− 1
32
(
B′
B
)2 − 5
16
A′B′
AB
− 5A
′
4rA
− B
′
4rB
+
3
2r
Γρρr
−9A
′
8A
Γρρr +
3B′
8B
Γρρr +
3
8
Γρρr
2} (3.13)
Multiplying the tt component of the field equation (2.7) by 4
B
and substituting Eqs.(3.9)-
(3.11) in it leads to
1
2
Γρρr
′ − 5B
′′
4B
− A
′′
4A
+ (
1
2
− 2A) 1
r2
+
11
32
(
A′
A
)2 +
35
32
(
B′
B
)2 +
15
16
A′B′
AB
− 9
4r
A′
A
− 5
4r
B′
B
+
3
2r
Γρρr −
A′
8A
Γρρr −
5B′
8B
Γρρr −
1
8
Γρρr
2
= 0 (3.14)
Multiplying the rr component of Eq.(2.7) by 4
A
and substituting Eqs.(3.9)-(3.11)in it gives
3
2
Γρρr
′
+
B′′
4B
− 3A
′′
4A
+
3
2r2
+
33
32
(
A′
A
)2 +
9
32
(
B′
B
)2 − 3A
′B′
16AB
− 3A
′
4rA
− 7B
′
4rB
+
1
2r
Γρρr +
B′
8B
Γρρr −
3
8
A′
A
Γρρr +
2A
r2
− 3
8
Γρρr
2
= 0 (3.15)
Multiplication of the θθ component of Eq.(2.7) by 4
r2
and insertion of Eqs.(3.9)-(3.11) in it
gives the final relation
−1
2
Γρρr
′ − 3B
′′
4B
+
A′′
4A
− (1
2
+ 2A)
1
r2
− 11
32
(
A′
A
)2 +
13
32
(
B′
B
)2 +
9A′B′
16AB
− 3A
′
4rA
+
B′
4rB
+
1
2r
Γρρr +
A′
8A
Γρρr −
3B′
8B
Γρρr +
1
8
Γρρr
2
= 0 (3.16)
The φφ component of Eq.(2.7) does not yield to a new equation and Eq.(3.16) is repeated.
It is interesting to notice that Eqs.(3.14),(3.15) and (3.16) are not independent and we
have indeed two independent relations. If we add Eq.(3.14) and Eq.(3.16) will result in
B′′
B
= −2A
r2
+
3
4
(
B′
B
)2 +
3A′B′
4AB
− 3A
′
2rA
− B
′
2rB
− B
′
2B
Γρρr +
1
r
Γρρr (3.17)
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Also addition of Eq.(3.14) and (3.15) and substitution of the value of B
′′
B
from Eq.(3.17)
gives
A′′
A
= 2Γρρr
′
+
2(1 +A)
r2
+
11
8
(
A′
A
)2 +
5
8
(
B′
B
)2 − 3A
′
2rA
− 5B
′
2rB
+
1
r
Γρρr −
A′
2A
Γρρr −
1
2
Γρρr
2
(3.18)
Using Eq.(3.15), Eq.(3.13) for R can be written as
R =
B
1
4 r sin
1
2 θ
A
3
4
[−(1 + 4A) 1
r2
+
3
16
(
A′
A
)2 − 5
16
(
B′
B
)2 − A
′B′
8AB
− A
′
2rA
+
3B′
2rB
+
1
r
Γρρr −
3A′
4A
Γρρr +
B′
4B
Γρρr +
3
4
Γρρr
2
]. (3.19)
Now field equation (2.6) will be satisfied automatically if we insert Eq.(3.19) in Eq.(2.6)
and replace B
′′
B
and A
′′
A
from Eqs.(3.17) and (3.18) in it. This means that the field equation
(2.6) does not lead to an independent relation.
An empty space is spherically symmetric at each point so it is homogeneous and
isotropic. For an empty space A abd B are independent of radial coordinate and conse-
quently are constant. Then Eqs.(3.17,3.19) with constant A and B imply Γρρr =
2
r
for this
case. The action for a vacuum spherical symmetry space is the same as the action of an
empty space plus an additional matter term corresponding to a single point source which
its existence at the origin is the cause of spherical symmetry. Actually this additional
term does not depend on Γρρλ. So the field equations corresponding to the variation with
respect to Γρρλ are the same for the both cases. Meanwhile both these cases satisfy the same
boundary conditions. So this necessitates the same result for Γρρλ in both cases. A rigorous
proof for Γρρr =
2
r
will be given in the next section in the context of a gauge invariance
discussion.
4. Gauge Fixing
First we demonstrate that at any point P there exists a locally inertial coordinate x′ in
which gµ′ν′ takes its canonical form ηµ′ν′ and the first partial derivatives of the metric
∂σ′gµ′ν′ and the components of the trace of the connection Γ
ρ′
ρ′λ′ all vanish. Meanwhile
some of the components of the second partial derivatives of the metric ∂ρ′∂σ′gµ′ν′ and the
first partial derivative of the trace of the connection can not be made to vanish. Let us
consider the transformation law for the metric and the trace of the connection;
gµ′ν′ = |
∂x
∂x′
|−
1
2 ∂x
µ
∂xµ
′
∂xν
∂xν
′
gµν (4.1)
Γρ
′
ρ′λ′ =
∂xλ
∂xλ
′
Γρρλ +
∂xν
′
∂xλ
∂2xλ
∂xν
′
∂xλ
′
(4.2)
and expand both sides in Taylor series in the sought-after coordinate xµ
′
. The expansion
of the old coordinate looks like
xµ = (
∂xµ
∂xµ
′
)
P
xµ
′
+
1
2
(
∂2xµ
∂xµ
′
1∂xµ
′
2
)
P
xµ
′
1xµ
′
2 +
1
6
(
∂3xµ
∂xµ
′
1∂xµ
′
2∂xµ
′
3
)xµ
′
1xµ
′
2xµ
′
3 + ... (4.3)
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(For simplicity we have xµ(P ) = xµ
′
(P ) = 0). Then using some schematic notation , the
expansion of Eqs.(4.1)and (4.2) to second order are
(g′)P + (∂
′
g
′)Px
′ + (∂′∂′g′)Px
′x′ + ...
= (| ∂x
∂x′
|− 12 ∂x
∂x′
∂x
∂x′
g)P + [| ∂x
∂x′
|− 12 (2 ∂x
∂x′
∂2x
∂x′∂x′
g+
∂x
∂x′
∂x
∂x′
∂′g
−1
2
∂x′
∂x
∂2x
∂x′∂x′
∂x
∂x′
∂x
∂x′
g)]Px
′ + ... (4.4)
(Γ′)P + (∂
′Γ′)Px
′ + ...
= [
∂x
∂x′
Γ +
∂x′
∂x
∂2x
∂x′∂x′
]P + [
∂2x
∂x′∂x′
Γ +
∂x
∂x′
∂′Γ
+
∂x
∂x′
∂3x
∂x′∂x′∂x′
+
∂2x
∂x′∂x′
∂2x′
∂x∂x
∂x
∂x′
]Px
′ + ... (4.5)
We can set terms of the same order in x′ on each side to be equal. Therefore according to
Eq.(4.4),the components gµ′ν′ , ten numbers in all are determined by the matrix (
∂xµ
∂xµ
′ )P .
This is a 4 × 4 matrix with no constraint. Thus we are free to choose sixteen numbers.
This is enough freedom to put the ten numbers of gµ′ν′(P ) into canonical form ηµ′ν′ . The
six remained degrees of freedom can be interpreted as exactly the six parameters of the
Lorentz group that these leave the canonical form unchanged. At first order we have the
derivative ∂σ′gµ′ν′(P ), four derivatives of ten components for a total of forty numbers.
Since gµν∂λgµν = 0 we have merely 36 independent numbers for them. Now looking at the
right hand side of Eq.(4.4), we have the additional freedom to choose ∂
2x
∂x
µ′
1∂x
µ′
2
. In this
set of numbers there is a total number of 40 degrees of freedom. Precisely the number
of choices we need to determine all of the first derivatives of the metric is 36, which we
can set to zero, while 4 numbers of the 40 degrees of freedom of ∂
2xµ
∂x
µ′
1∂x
µ′
2
remain unused.
According to Eq.(4.5) the four components of Γρ
′
ρ′λ′(P ) may be determined by the four
remaining components of the matrix ( ∂
2xµ
∂x
µ′
1∂x
µ′
2
)P which we can set them equal to zero too.
We should emphasized that Γρρλ = 0 in polar coordinates takes the form of (0,
2
r
. cot θ, 0).
So it is always possible to find a locally inertial coordinate system in which the components
of the Riemann curvature tensor take the form;
Rµνρσ
⋆
= ηµλ(∂ρΓ
λ
νσ − ∂σΓλνρ)
⋆
=
1
2
(∂ρ∂νgµσ + ∂σ∂µgνρ − ∂σ∂νgµρ − ∂ρ∂µgνσ)
+
1
4
(ηµσ∂ρΓ
ξ
ξν + ηµν∂ρΓ
ξ
ξσ − ηνσ∂ρΓξξµ
−ηµρ∂σΓξξν − ηµν∂σΓξξρ + ηνρ∂σΓξξµ) (4.6)
The Ricci tensor comes from the contracting over µ and ρ ,
Rνσ
⋆
= ηµρRµνρσ (4.7)
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The change of the metric which is a density tensor of rank (0, 2) and weight −1
2
under a
diffeomorphism along the vector field ξµ is
δgµν = Lξgµν = ∇µξν +∇νξµ −
1
2
gµν∇λξλ (4.8)
Eq.(4.8) in the local inertial frame takes the form
δgµν
⋆
= ∂µξν + ∂νξµ − 1
2
ηµν∂λξ
λ (4.9)
The change of the trace of the connection in local inertial frame under this diffeomorphism
is
δΓρρµ
⋆
= ∂µ∂λξ
λ (4.10)
We may call Eqs.(4.9) and(4.10) a gauge transformation. Ricci tensor Eq.(4.7) under the
gauge transformation (4.9), (4.10) is invariant. This gauge degree of freedom has to be
fixed before going further. This may be achieved by taking
Γρρµ = 0 (4.11)
As it has been mentioned the gauge (4.11) in polar coordinates leads to
Γρρµ = (0,
2
r
, cot θ, 0) (4.12)
So we take Γρρr =
2
r
without any lose of generality in our calculations. This spacetime
has four killing vectors just the same as Schwarzschild spacetime, one timelike and three
spacelike that are the same as those on S2.
5. Γρρr =
2
r
Now let us investigate the solutions of Eqs.(3.17) and (3.18) for the given form of Γρρr =
2
r
.
This leads to the following two relations for A and B:
B′′
B
=
2(1−A)
r2
+
3
4
(
B′
B
)2 +
3
4
A′B′
AB
− 3A
′
2rA
− 3B
′
2rB
(5.1)
A′′
A
=
2(−1 +A)
r2
+
11
8
(
A′
A
)2 +
5
8
(
B′
B
)2 − 5A
′
2rA
− 5B
′
2rB
(5.2)
Combining Eqs.(5.1)and (5.2)with some manipulation gives
(
A′
A
+
B′
B
)
′
=
3
8
(
A′
A
+
B′
B
)
2 − 4
r
(
A′
A
+
B′
B
) (5.3)
Eq.(5.3)can be easily integrated with respect to r, then it results
(
A′
A
+
B′
B
) =
C(AB)
3
8
r4
(5.4)
where C is constant of integration. Now if we introduce the new parameter y = AB, then
integration of Eq.(5.4) with respect to r gives the solution
y−
3
8 =
C
8r3
+ Cˆ (5.5)
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where Cˆ is another integration constant. To be consistent with the asymptotic form of
A = B = 1 at infinity we should have Cˆ = 1
AB = (1 +
C
8r3
)−
8
3 (5.6)
Then by inserting Eq.(5.6) into Eq.(5.1) we find an equation for B,
B′′ =
2[B − r8(r3 + C
8
)−
8
3 ]
r2
+
C(3
4
rB′ − 3
2
B)
r2(r3 + C
8
)
(5.7)
Eq.(5.7) has a general solution as follows:
B(r) =
1
(1 + C
′
r3
)
2
3
+
αr2
1 + C
′
r3
+
β
(1 + C
′
r3
)r
(5.8)
where C ′ = C
8
, α andβ are constants of integration.
Newtonian limit requires that,(c = 1)
B → 1− 2GM
r
as r → ∞ (5.9)
Applying condition (5.9) to the Eq.(5.8) implies that
β − αC ′ = −2GM (5.10)
Here α has the dimension [L]−2 and may be called the cosmological constant. So we may
take
β = −2GM + ΛC ′ (5.11)
and we will have
B(r) = (1 +
C ′
r3
)−
2
3 [1− 2GM − ΛC
′
r
(1 +
C ′
r3
)−
1
3 + Λr2(1 +
C ′
r3
)−
1
3 ] (5.12)
A(r) = (1 +
C ′
r3
)−2[1− 2GM − ΛC
′
r
(1 +
C ′
r3
)−
1
3 + Λr2(1 +
C ′
r3
)−
1
3 ]−1 (5.13)
A special case of this general solution is when Λ = 0,
B(r) = (1 +
C ′
r3
)−
2
3 [1− 2GM
r
(1 +
C ′
r3
)−
1
3 ] (5.14)
A(r) = (1 +
C ′
r3
)−2[1− 2GM
r
(1 +
C ′
r3
)−
1
3 ]−1 (5.15)
Eqs.(5.14) and (5.15) show that the case C ′ = 0 gives the familiar Schwarzschild solution.
The term (1+C
′
r3
) is always nonnegative for C ′ ≥ 0, soB(r) and A(r) are always nonnegative
if the condition
1− 2GM
r
(1 +
C ′
r3
)−
1
3 ≥ 0 (5.16)
holds for the hole range of r. Eq.(5.16) can be rewritten as
r3 ≥ (2GM)3 − C ′ (5.17)
– 10 –
Eq.(5.17) implies that Eq.(5.16) will be true for the hole range of r if we take
C ′ ≥ (2GM)3 (5.18)
If we assume that the condition (5.18) holds then A and B will be analytic on the hole
range of r. A remarkable point about Λ which has the same role of cosmological constant is
that choosing Λ = 0 is merely to simplify the calculations. Keeping Λ 6= 0 does not change
the character of C ′ significantly. We omit the detail of calculations to avoid mathematical
complications. The solution asymptotically becomes deSitter-Schwarzschild.
Considering a null radial geodesic, its line element gives
± dt =
√
A
B
dr (5.19)
Putting Eq.(5.14)and Eq.(5.15)in Eq.(5.19) gives
±dt = r
2dr
(r3 + C ′)
1
3 ((r3 + C ′)
1
3 − 2GM)
(5.20)
Let us define the new parameter R = (r3 + C ′)
1
3 . The range of R will be from (C ′)
1
3 to
infinity. We have
R2dR = r2dr (5.21)
Then Eq.(5.20) takes the form
± dt = RdR
R− 2GM (5.22)
Integrating Eq.(5.22) gives
±(t− t0) = (r3 +C ′)
1
3 + 2GM ln[(r3 + C ′)
1
3 − 2GM ]
−(r30 + C ′)
1
3 + 2GM ln[(r30 + C
′)
1
3 − 2GM ] (5.23)
Since we have assumed that C ′ > (2GM)3 , then Eq.(5.23) shows no sign of singularity on
the hole range of r.
6. Upper bound on C ′
It is natural to anticipate the classical test like the advance of the perihelion of Mercury to
put some upper bound on the probable values of C ′. Fortunately high degree of symmetry
greatly simplify our task. There are four Killing vectors which each of these will lead to a
constant of the motion for a free particle. In addition we always have another constant of
the motion for the geodesics; the geodesic equation implies that the quantity
ǫ = −gµν dx
µ
dλ
dxν
dλ
(6.1)
is constant along the path. For massive particles we typically choose λ so that ǫ = 1.
For massless particles we always have ǫ = 0. Invariance under time translations leads to
conservation of energy while invariance under spatial rotations leads to conservation of the
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three components of angular momentum. Conservation of direction of angular momentum
means that particle moves on a plane. So we may choose θ = π
2
. The two remaining Killing
vectors correspond to the energy and the magnitude of angular momentum. The energy
arises from the timelike Killing vector
(∂t)
µ = (1, 0, 0, 0). (6.2)
While the Killing vector whose conserved quantity is the magnitude of angular momentum
is
(∂φ)
µ = (0, 0, 0, 1) (6.3)
The two conserved quantities are :
E = −(1 + C
′
r3
)−
2
3 [1− 2GM
r
(1 +
C ′
r3
)−
1
3 ]
dt
dλ
(6.4)
and
L = r2
dφ
dλ
(6.5)
Expanding the expression(6.1) and multiplying it by Eq.(5.14) and using Eq.(6.4) and
Eq.(6.5)give
−E2 + (1 + C
′
r3
)−
8
3 (
dr
dλ
)2 + (1 +
C ′
r3
)−
2
3 (1− 2GM
r
(1 +
C ′
r3
)−
1
3 )(
L2
r2
+ ǫ) = 0 (6.6)
Expanding in powers of r , we shall content ourselves here with only the lowest order of
approximation in Eq.(6.6). Then we have
(
dr
dλ
)2 + (1− 2GM
r
)(
L2
r2
+ ǫ)− E2(1 + 8
3
C ′
r3
) +
2ǫC ′
r3
= 0 (6.7)
Now by taking ǫ = 1 and multiplying Eq.(6.7) by (dφ
dλ
)−2 = r
4
L2
and defining x = L
2
GMr
we
have:
(
dx
dφ
)2 − 2x+ x2 − 2G
2M2
L2
x3 +
GM
L4
(2C ′ − 8E
2C ′
3
)x3 =
E2L2
G2M2
− L
2
G2M2
(6.8)
Differentiating Eq.(6.8) with respect to φ gives
d2x
dφ2
− 1 + x = (3G
2M2
L2
− 3GM
L4
C ′ +
4E2C ′GM
L4
)x2 (6.9)
After some manipulation we obtain that the perihelion advances by an angle
∆φ =
6πG2M2
L2
(1− C
′
GML2
+
4C ′E2
3GML2
) (6.10)
On the other hand we have
E2 = 1 +
G2M2
L2
(e2 − 1) (6.11)
and
L2 ∼= GM(1 − e2)a (6.12)
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where e is the eccentricity and a is the semi-major axis of ellipse. Putting Eqs.(6.11) and
(6.12) into Eq.(6.10) yields
∆φ =
6πGM
(1− e2)a(1 +
C ′
3G2M2(1− e2)a +
4C ′
3GM(1 − e2)a2 ) (6.13)
The third term in the parenthesis is smaller than the second term by a GM
a
factor and may
be neglected.
∆φ =
6πGM
(1− e2)a(1 +
C ′
3G2M2(1− e2)a) (6.14)
This shows a sever dependence on C ′ and should not conflict with observational data, i.e.
we should have
C ′ < G2M2a (6.15)
by an order of magnitude.
7. Conclusions and Remarks
A new field equation for gravity is proposed by introducing a new character for metric as
a tensor density in the absence of matter. We obtained the vacuum spherical symmetry
solutions of the field equations. A considerable large part of these solutions are regular for
the whole range of r except at r = 0. Since ∂t remains timelike everywhere, so there is no
event horizon in the spacetime. The solutions for the metric show a singularity at r = 0.
To find out the nature of the singularity we need to check some scalar densities made of
Riemann tensor. First let us check the behavior of Riemann scalar density of weight +1
2
,
R. Substituting Γρρr =
2
r
in Eq.(3.19) results in
R =
B
1
4 r sin
1
2 θ
A
3
4
{
4(1 −A)
r2
+ (
B′
B
− A
′
A
)[
2
r
− 1
4
(
A′
A
+
B′
B
)]− 1
16
(
A′
A
+
B′
B
)2
}
(7.1)
In the range of Newtonian limit when r >> 2GM , A and B in Eqs.(5.14),(5.15) reduce
to the Schwarzschild form, so Eq.(7.1) gives R = 0. For the range of r << 2GM we have
two different asymptotic forms for A and B depending on the value of C ′. If C ′ > (2GM)3
then we have
B ≈ (C ′)− 23 (1− 2GM
(C ′)
1
3
)r2 (7.2)
A ≈ (C ′)−2(1− 2GM
(C ′)
1
3
)r6 (7.3)
For C ′ = (2GM)3 , A and B reduce to
B =
1
3
(
r
2GM
)3 (7.4)
A = 3(
r
2GM
)5 (7.5)
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For both cases by inserting Eqs.(7.2)-(7.5), into Eq.(7.1) ,R becomes
R = −4(C ′)− 23 r sin 12 θ (7.6)
Immediately we may calculate RµνRµν . According to the field equation (2.7) we have
Rµν =
1
4
gµνR. This leads to
R
µν
Rµν =
1
4
R
2 = 4(C ′)−
4
3 r2 sin θ (7.7)
Eqs.(7.6) and (7.7) are quite different from that of the Schwarzschild metric where R and
R
µν
Rµν are zero everywhere including the neighborhood of the origin. The Jacobian of
the transformation from polar coordinates (t, r, θ, φ) to the coordinate system (t, x, y, z) is
r2 sin θ. Since R is a scalar density of weight +1
2
and RµνRµν is a scalar density of weight
+1, then in the (t, x, y, z) coordinate system we have R = −(C ′) 23 and RµνRµν = 14(C ′)−
4
3 .
That is R is constant and negative while RµνRµν is constant and positive. To specify the
nature of the singularity it is necessary that the scalar density RµνρλRµνρλ to be calculated
too. The nonzero components of Riemann tensor are
R
t
rtr = (
3
8
B′′
B
− A
′′
8A
+
3
16
(
A′
A
)2 − 3
16
(
B′
B
)2 − 1
4
A′B′
AB
) (7.8)
R
t
θtθ =
r2
A
(
1
64
(
A′
A
)2 − 3
64
(
B′
B
)2 − 1
32
A′B′
AB
+
3
8
B′
rB
− A
′
8rA
) (7.9)
R
t
φtφ = sin
2 θRtθtθ (7.10)
R
r
θrθ =
r2
A
(−A
′′
8A
− B
′′
8B
+
3
16
(
A′
A
)2 +
1
8
(
B′
B
)2 +
1
16
A′B′
AB
− 5
8r
A′
A
− 1
8r
B′
B
) (7.11)
R
r
φrφ = sin
θ
R
r
θrθ (7.12)
R
θ
φθφ =
r2
A
sin2 θ(−1 + 1
r2
+
1
64
(
A′
A
)2 +
1
64
(
B′
B
)2 +
1
32
A′B′
AB
− A
′
4rA
− 1
4r
B′
B
) (7.13)
Using Eqs.(7.8)-(7.13) we have
R
µνρλ
Rµνρλ =
2B
1
2 r2 sin θ
A
3
2
([
3
8
B′′
B
− A
′′
8A
+
3
16
(
A′
A
)2 − 3
16
(
B′
B
)2 − 1
4
A′B′
AB
]2
+2[
1
64
(
A′
A
)2 − 3
64
(
B′
B
)2 − 1
32
A′B′
AB
+
3
8r
B′
B
− A
′
8rA
]2
+2[−A
′′
8A
− B
′′
8B
+
3
16
(
A′
A
)2 +
1
8
(
B′
B
)2 +
1
16
A′B′
AB
− 5
8r
A′
A
− 1
8r
B′
B
]2
+[−1 + 1
r2
+
1
64
(
A′
A
)2 +
1
64
(
B′
B
)2 +
1
32
A′B′
AB
− A
′
4rA
− B
′
4rB
]2) (7.14)
Now inserting the asymptotic forms (7.2)-(7.5) for A and B into Eq.(7.14)yields
R
µνρλ
Rµνρλ ∝ sin θ
r6
for C ′ > (2GM)3 (7.15)
and
R
µνρλ
Rµνρλ ∝ sin θ
r4
for C ′ = (2GM)3 (7.16)
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Rµνρλ
Rµνρλ is a scalar density of weight +1, so in a (t, x, y, z) coordinate system Eq.(7.15)
and Eq.(7.16) are proportional to 1
r8
and 1
r6
respectively. This is enough to convince us
that r = 0 represent an actual singularity. Nonexistence of event horizon in small distances
is a novel feature of this work. It is not hard to imagine that taking Λ < 0 which is the
counter part of the deSitter spacetime will show an event horizon at cosmological distances
of the order |Λ|− 12 . It is worth the alternative version in the presence of matter to be
investigated.
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